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ABSTRACT 

A new discrete symmetry group, which governs low-energy properties of the 
supersymmetric Af = 2 gauge theory is found. Each element of this g roup S r , v being 
the rank of the gauge group, represents a permutation of r electric charges available 
in the theory accompanied by a simultaneous permutation of r monopoles, provided 
the sets of charges and monopoles are chosen properly. Properties of the theory 
are strongly influenced by S r ; if the central charges (and masses) of r monopoles 
are degenerate, then the central charges (and masses) of r electric charges are also 
necessarily degenerate, and vice versa. This condition uniquely defines the vital 
value of the VEV of the scalar field, at which all monopoles are massless. The general 
theoretical discussion is illustrated by a model, which generalizes the Seiberg-Witten 
treatment of the supersymmetric M = 2 gauge theory for an arbitrary gauge group. 



1 Introduction 



The low-energy properties of the supersymmetric M = 2 gauge theory are shown to 
comply with a new discrete symmetry, which finds its origin in the Dirac-Schwinger- 
Zwanziger quantization condition for electric and magnetic charges of dyons. In 
simple physical terms it can be described as a group of permutations S r , r being 
the rank of the gauge group, of r simple electric charges and r simple magnetic 
monopoles (simple electric charges and monopoles have the electric or magnetic 
charges, which equal the simple coroots of the Cartan algebra). The existence of 
this symmetry implies that if central charges of r simple monopoles are equal, then 
central charges of r simple electric charges are also equal, and vice versa. Due to 
geometrical associations this phenomenon is called the Weyl vector alignment. This 
property completely defines parameters that specify the vital state of the theory, in 
which all monopoles are massless. The general theoretical treatment is illustrated 
by the recently proposed model, which is found to comply with S r . 

Seiberg and Witten [TJ |2] suggested that the low-energy description of the J\f = 2 
supersymmetric gauge theory can be presented explicitly and proposed a model, 
which implemented this idea for the SU(2) gauge group. Their approach was gen- 
eralized to cover other gauge groups. In [31 H] the model for SU(n) gauge groups 
was suggested. A brief review and references to other works, in which models for 
other classical gauge groups were developed are given in [5J E] . Additional references 
can be found in [7], where it was noted that the absence of the universal description 
presented an important issue as different models and techniques were employed even 
for theories based on the classical gauge groups; for exceptional groups the situation 
looked even more difficult. Ref. [7] also described a special set of "light" dyons. 
Each of them can be made massless if the state of the theory is chosen properly. 
Relying on this fact Ref. [S] proposed a general model, which is applicable to the 
theory based on any compact simple gauge group, classical or exceptional, repro- 
duces known discrete symmetries of the theory and complies with the monodromies 
at weak and strong coupling. 

The present work suggests looking at the low-energy properties of the M = 2 
gauge theory from a more general, model-independent perspective using for this 
purpose the discrete symmetry available in the theory. The idea is to focus attention 
on those transformations of the scalar field, which do not change the set of central 
charges for all dyons available in the theory. As mentioned, this approach reveals 
that there exists a discrete symmetry S r , which defines vital properties of the theory 
for r > 2. For the SU(2) gauge theory the group in question is trivial, r = 1, Si = 1. 
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2 Basic low-energy properties 



Let us outline the known properties of the low-energy approach to the supersym- 
metric Af = 2 gauge theory that are relevant for our discussion. The theory is 
governed by the vacuum expectation value (VEV) of the scalar field, which belongs 
to the Cartan subalgebra of the gauge algebra. Consequently it can be presented 
as an r-dimensional vector A, where the rank r of the gauge group defines the di- 
mension of the Cartan algebra; similarly the VEV of the dual scalar field is also an 
r-dimensional vector Ad- This makes the electric q and magnetic g charges of dyons 
r-dimensional vectors as well. 

It is known, see e. g. [9], that in order to satisfy the Dirac-Schwinger-Zwanziger 
quantization condition the electric and magnetic charges should belong to the lat- 
tice defined in the Cartan algebra. Generally speaking the electric charges should 
belong to the lattice of roots Q, while magnetic ones to the lattice of coroots Q v 
of the Cartan algebra. However, in the supersymmetric M = 2 gauge theory the 
discrete chiral transformations, see below, ensure that electric and magnetic charges 
should belong to the same lattice. Consequently both sets of charges have to occupy 
vertexes of the same lattice Q v 

* = s = X>^ar. (2.1) 

i=l i=l 

Here ol{ are the simple coroots of the Cartan algebra from which the lattice Q v is 
constructed, and rif' and are integers, nf \ nf' G Z. The two lattices Q v and 
Q are different only for non-simply laced groups when the first one is a sublattice of 
the second, Q v C Q, while for simply laced ones they coincide, Q v = Q. For basic 
properties of the Lie algebras, which are used in this work see e. g. books JTUJ [11] . 
The scalar products ■ aj G Z are integer-valued, here and below the dot-product 
is taken in the Cartan subalgebra. As a result scalar products for any electric and 
magnetic charges satisfying (12. ip are also integer-valued, q ■ g G Z, in compliance 
with the quantization condition. 

The dyons are the BPS states and consequently, as was found by Witten and 
Olive [12], the mass mg of a dyon is related to its central charge Zg 

m g = 2 1/2 \Z g \ = 2 1/2 \G<P \ . (2.2) 
Zg = g- A D + q- A = Q$ . (2.3) 

Here Q represents the magnetic and electric charges of the dyon, while $ describes 
the scalar field and its dual 

g = (g,q), $ = (A D ,A) T . (2.4) 
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The discrete chiral transformations represent a symmetry of the theory 

A -> A 1 = exp(2ry) A , (2.5) 
Ad —> A' D = exp(2z 7 ) ( A D - (2 7 /tt) /i v A ) . (2.6) 

Here 7 = 27rm/(4/i v ), m = 0, 1, . . . 4/i v — 1, while h v is the dual Coxeter number 
of the gauge algebra, which is related to the eigenvalue of the quadratic Casimir 
operator C2 in the adjoint representation, 2h v = C<i- The transformation of the 
dual field in (12 .6p complies with its behavior at weak coupling 

A D « {2ir)~ l ih y A ln(A 2 /A 2 ) • (2.7) 

Here A 2 = A ■ A. For simplicity it is presumed here and below that the logarithmic 
factor is large, | In A 2 /A 2 \ ^> 1, and that A is not close to a wall of the Weyl chamber. 
Eqs. (12. 5p . (12. 6p show that the defining element of the chiral symmetry is 

$ $' = exp(7n//i v )F$ , (2.8) 

where H is the following 2r x 2r matrix 

* = (J~1)- < 29 ) 

The Witten and Olive formula (12. 2 p implies that the chiral transformation of the 
field $ can be reinterpreted as the transformation of the dyon charge 

g^g' = g H} (2.10) 

which means that g' = g — q, q' = q. The variation of the magnetic charge here 
agrees with the Witten effect [13j- 

Suppose there is a dyon with magnetic and electric charges given by Q, which 
becomes massless at some value of the field <P, mg = \[2\Q<fr\ = 0. Then the dyon 
whose charge Q' is generated from Q by the chiral transformation (I2.10p is also 
necessarily massless provided the field equals 

<P" = exp(-i7r//i v )iJ- 1 ^ , (2.11) 

because rrig = v2| G'@"\ = v2| G&\ =0. One concludes that if a monopole with 
an arbitrary magnetic charge G = {g, 0) is massless, then any dyon with the charge 

g> = g H m = (g,-mg) (2.12) 



4 



can be made massless as well. Ref. [8] emphasized that each dyon with the charge 
Q = (aY , —ma^), i = 1, . . . r, m = 0, . . . h v — 1 can be made massless if the state of 
the theory is chosen properly. 

Eqs. (12.1 p show that we can conveniently describe electric and magnetic charges 
in the basis of simple coroots a/, i = 1, . . . r of the Cartan algebra. It is natural 
therefore to call r monopoles whose magnetic charges equal simple coroots, g = , 
as simple monopoles. Similarly the electric charges, which equal the simple coroots 
q = a 4 v , will be referred to as simple electric charges. 

It was explained in pQ that the theory satisfies the important condition of duality, 
which amounts to the following transformation of the fields 

$ $' = fi$ , (2.13) 

n = (_° J ) , (2.i4) 

that keeps the description of the theory intact. 

Following j8] we will describe the scalar and dual fields using the basis of funda- 
mental weights 0Ji of the Cartan algebra 

r r 

a = Ai u i > a d = Yl Ad ^ Ui ' ( 2 - 15 ) 

1=1 1=1 

where Ai and A^^ are the expansion coefficients. This basis is convenient since the 
central charges ( 12. 3 j) of dyons in this representation have a very clear form 

r 

Zg = Y, i^Mi + n^At) . (2.16) 
i=i 

Here integers rtf^ and nf define the magnetic g and electric q charges in Q = (g, q) 
via Eqs. (12. ip . Deriving Eq. (I2.16P the known orthogonal condition 

a( ■ ujj = 5ij (2-17) 

was used. From ( I2.16P we see that each A% equals the central charge related to the 
simple electric charge q = a^; similarly each Ap^ equals the central charge of the 
monopole with magnetic charge g = a( 

Zi = -£(o,c*y) = ^ , Z D>i = Z( a y,o) = A D:i . (2-18) 

Thus Ai and Ap^ can be viewed as either expansion coefficients for the scalar and 
dual fields in the basis of fundamental weights, or central charges for simple electric 
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charges or simple monopoles respectively. This fact and the clear form of Eq. ( 12 . 1 6[) 
inspire one to employ the sets of Ai and A Di as arguments of the superpotential 
J-'(A) and its dual .Fd(Ad) 

F(A) = F(A U . . . A r ) , T D (A D ) = T D (A Dtl , . . . A D>r ) . (2.19) 

For our purposes it suffices to restrict discussion below to those values of A, which 
belong to the main Weyl chamber. This means that all Ai are presumed real positive, 
Ai > 0. The idea is that whence the theory is formulated in this region, it can be 
continued for arbitrary values of A using the analytical continuation. 

3 Central charges and discrete symmetry 

Eqs. (12.11) state that the electric and magnetic charges are pinned to vertexes of the 
lattice of coroots Q v of the Cartan algebra. The existence of this lattice should be 
compatible with the low-energy description of the theory. From general physical 
grounds one may expect that this compatibility can be achieved only if the theory 
complies with some particular discrete symmetry related to the lattice. (Electrons 
propagating in the crystal lattice may serve as an example.) 

The main idea is to use the central chare; tool for searching for the discrete 

symmetry in question. Take the full set of all central charges 3 available in the theory 

3 = g,qeQ v } . (3.1) 

If some transformation represents a symmetry of the system, then there are only 
two options. Either this transformation keeps the full set 3 intact, or alternatively 
it changes this set in such a way that the same phase factor is added to all central 
charges in this set, 3—^3' = {^L, q ) = ^{g,(i]i 9i Q e Q V }- For example, 
under the dual transformation ( 12 . 13[) the set 3 remains intact, while the discrete 
chiral transformation in (12. 5p . (12. 6 j) adds a phase factor e 2 * 7 to all central charges. 
Any other variation of the set 3, except for a common phase factor, would change 
masses of some dyons in Eq. fl2.2|) and therefore would contradict the fact that the 
transformation is a symmetry of the system. 

In the following discussion it suffices for us to consider only those transforma- 
tions, which provide no additional phase factors to central charges, 7 = 0. Let us 
reiterate that in this case the invariance of the set 3 presents a necessary condition 
for a transformation to be a symmetry. Moreover, there is a good reason to believe 
that this is also a sufficient condition, which guarantees that the chosen transfor- 
mation is definitely a symmetry. In other words, if the state of the supersymmetric 
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M = 2 gauge theory is transformed in such a way that the set of central charges 3 
is kept intact, then the related transformation is a symmetry To support this claim 
remember that the set of central charges completely defines the M = 2 supersym- 
metric algebra. As a result all vital properties of the system can be formulated in 
terms of central charges of dyons. By keeping the set of central charges intact one 
keeps the the system properties unchanged. Thus the invariance of 3 guarantees 
the presence of the symmetry. (We will see below in Section [8] that this condition 
is reproduced in the model of [8], which complies with all other known conditions 
required by the theory.) 

Consider a transformation A — » A' of the scalar field, which amounts to a per- 
mutation of the set {Ai, i — 1, . . .r} and hence can be presented as follows 

r 

k • (3.2) 

3=1 

Here V is the r x r matrix representing the permutation of r objects. To clarify 
notation let us write the permutation conventionally, using the integer function p(j) 
of an integer argument j, which satisfies conditions 1 < p(i) < r and p(i) ^ p(j) 
if % 7^ j, i,j = 1, . . . r. Then the matrix V reads V%j = &i, P (j) ■ Alternatively this 
matrix can be specified as an orthogonal matrix, V T V = 1, which coefficients take 
one of the two values, zero or unity, Vij =0,1. For such matrices we will use notation 
P £ S n where S r is the group of all available r! permutations. The shortcut matrix 
notation A' = VA is used below to present (13. 2p and similar relations. 

To clarify the reason for the choice V G S r in (I3.2p let us allow ourselves for 
a moment to make an additional assumption (which is justifies below), that this 
transformation of the scalar field (I3.2p causes a similar transformation for the dual 
field, A D — >■ A' D , where 

r 

5=1 

and V is the same as in (13. 2p . Then we can use Eq. (I2.16P to show that under 
the transformation (Ad, A) — > (A' D , A') defined in (I3.2p . (I3.3P the set of central 
charges 3 in (13. ip remains invariant. To see this point take the electric charge 
q = n i 9 ^ a i- The corresponding central charge reads ^(o, g ) = 2~2i n i 9 ^i- Under 
the transformation A — )■ A' from (13. 2 p the central charge is transformed as follows 
Zm Z (o, q) = Eij n^VijAj = Ei^'A, where < = ".r Since V T G S r , 

n^' G Z. Therefore we find Q(n q \ = Z(o,q'), where q' = Yli n i a i i s a new electric 
charge. In other words, the influence of the transformation A — )■ A' from (13. 2 p on 
the central charge can be redefined using the transformation for the electric charge 
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q — > q'. Similarly the transformation Ad — > A' D from (13. 3p can be reinterpreted as 
the variation of magnetic charges g — » g'. In both electric and magnetic cases this 
reinterpretation of the transformation reads 



From this perspective the considered transformation amounts to the permutation 
of all available in the theory electric and magnetic charges by the matrix V T G S r , 
while A and Ad remain intact. Obviously under this permutation no charge is lost 
and none is created. Hence, the full set of all available dyons remains intact, which 
in turn means that the set of all central charges 3 remains intact as well. 

Using the invariance of 3 under V G S r as the criterion which justifies the 
presence of the symmetry we conclude that the group S r represents a symmetry 
group of the theory. We have to remember though that so far Eq. (I3.3[) . which was 
employed in this argument, was only assumed to be valid. 

To verify (13 .3p start from the weak coupling region. Take Eq.f l2.7p and apply 
the transformation (13. 2p to the scalar field A on its right hand side. Observe then 
that a similar permutation inevitably takes place with the dual filed Ad on the left 
hand side. Making this claim one remembers that the logarithm in (12. 7p is large, 
A not close to walls of the Weyl chamber, and hence In A 2 « In A' 2 . Thus, for 
weak coupling the permutation of A\ in (13. 2p is necessarily accompanied by the 
permutation of A D ,i in (13. 3p . and the resulting pair of transformations (13. 2 p and 
(13 .3p keep 3 invariant. 

Remember that the dual field Ad can be considered a function of the scalar field 
A expressed via derivatives of the superpotential J 7 (A) in Eq. (l2.19p . The superpo- 
tential is holomorphic [14J, which implies that there exist r holomorphic functions 
representing Ad,% via r arguments Ai. Therefore we can presume that at weak 
coupling the considered discrete permutation is fulfilled via a smooth variation of 
both fields. The starting point for the function, which describes this variation is 
(Ad, A), its final point is (A' D , A') while in the intermediate state both fields exhibit 
holomorphic variation. 

Since the compliance of (I3.3P with (13 .2p is established via an analytical con- 
tinuation one can develop the argument by analytically continuing the fields from 
the weak coupling region into the area of an arbitrary coupling. The point is that 
since V G S r is a discrete transformation with integer matrix elements. Therefore 
it cannot be changed by an analytical continuation. As a result we conclude that 
the necessary property, the compliance of (13. 3 p with (13. 2 p remains valid at arbitrary 
coupling. The argument can be reversed. Take A as a function of Ad, which is 



r 



r 




(3.4) 



8 



expressed via the derivatives of the dual superpotential J-d{Ad), express Ai as r 
analytical functions of arguments Ada and then state that (13. 2p follows from (13. 3p . 

We conclude that the theory is invariant under transformations V G S r described 
in Eqs. (l3.2p and (I3.3p . These two equations are mutually related, a transformation of 
Ai necessitates a similar transformation for Ada, and vice versa. The two equations 
can be conveniently presented as follows 

$^$' = P$, P= (? °) , (3.5) 

where V G S r and the previously mentioned shortcut matrix notation presents 
transformations of A and Ad, for example A' = VA means A[ = "PijAj. 

Since we know that S r is a symmetry we need to consider its representations. 
They can be conveniently described in terms of the symmetry properties of the 
superpotential, which uniquely describes the system. We need thus to specify in 
which representation of S r the superpotential J 7 (A) and its dual Fd(Ad) belong. 
Clearly the representations in question should be irreducible. Otherwise the splitting 
of the system into subsystems looks inevitable, which would contradict the fact that 
the gauge group is simple. Moreover, it is easy to see that the superpotential and 
its dual belong to the trivial representation of S r , which means that they both are 
symmetric functions of their arguments Ai and Ada 

7{A' X , ...A' r )= J 7 (A 1 , . . . A r ), F{A' DA , . . . A' Dr ) = JF(A DA , . . . A D , r ). (3.6) 

Here A' and A' D are obtained by applying V G S r to A and Ad as described in 
Eqs. (13. 2p . (I3.3p . or (13. 5p . To verify (I3.6P assume the opposite, that J 7 (A) is in 
any nontrivial irreducible representation of S r described by some Young scheme. 
Then it is a function antisymmetric under a transposition of any arguments A iy Aj, 
which belong to the same column of the Young scheme. Therefore J 7 (A) turns zero 
identically when Ai = Aj, which clearly contradicts its behavior at weak coupling. 
A similar argument is valid for J-d(Ad) since in this case we can rely on its behavior 
at strong coupling. Thus the symmetry conditions ( 13. 6 j) provide the only option for 
representing S r . 

It is tempting to extend the found S r symmetry to a larger symmetry group. A 
seemingly good option present the set of all matrices V, which are orthogonal and 
have integer valued coefficients. If such V is diagonal, then it may have negative 
diagonal matrix elements Va = — 1, which describe inversions of the corresponding 
of Ai, Ai — > A- = —Ai. Combining such inversions with permutations from S r one 
recovers the full set of matrices {V G 0(r), Vij G Z }, which represents the full sym- 
metry group of the r-cube (it includes 2 r r! elements, is called the hyperoctahedral 
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group, and in the Coxeter notation is of type C r , here C r should not be confused 
with the gauge group G of the considered theory). Thus the temptation is to extend 
the previously considered arguments proclaiming that the symmetry group of the 
r-cube represents the symmetry of the supersymmetric M = 2 gauge theory. 

There is a subtlety though, which makes such straightforward conclusion pre- 
mature. Developing the argument above we had in mind that the transforma- 
tion (Ad, A) — > (A' D ,A') can be fulfilled via a holomorphic set of functions. It 
is reasonable to expect that this is possible when a transposition — > A- = Aj, 
Aj — > Aj = Ai is considered, which justifies the argument for any permutation from 
S r . However, an attempt to consider the inversion of some of A iy Ai — > A[ = —A iy 
requires the analytical continuation through the wall of the Weyl chamber, which is 
specified by the condition Ai = 0. This condition indicates that the central charge 
and mass, which correspond to the electric charge q = a( are zero on the wall, see 
Eq. fl2.16p . Hence one needs to expect that on the wall Ai = of the Weyl chamber 
there exists a singularity, and that the crossing of the wall should be considered 
carefully. The way to account for the necessary crossing was discussed in Ref. [8], 
see Section 9 there. It would be interesting to consider implications when it is com- 
bined with the results of the present work, but we postpone discussion of this point 
restricting our attention in the present work to the S r symmetry, which represents 
a rewarding topic by itself. 

The starting point of our arguments was the Dirac-Schwinger-Zwanziger quanti- 
zation condition, which forces the electric and magnetic charges to form the lattice 
Q v . However, the found symmetry g roup Sf is a subgroup of the full symmetry 
group C r of the r-cube, S r C C r . Thus the detailed geometrical structure of Q v , 
which is incorporated into the Cartan matrix (that describes relative lengths and 
angles between the coroots a^), does not show itself in the found symmetry group. 

The symmetry group of the r-cube is higher than the symmetry group of the 
lattice Q v . In accord with this fact the found symmetry S r is higher than one may 
have expected. The reason for this symmetry "enhancement" stems from the fact 
that the lattice of electric and magnetic charges Q v manifests itself in the theory 
via the set of central charges 3- Due to this reason the transformation of the scalar 
and dual fields in Eq.f l3.2p . (13. 3 p can be rewritten in terms of transformations of 
integers n\ and n\ , which describe the electric and magnetic charges of dyons, 
see Eqs. (l3.4p . The sets of these integers can be looked at as vertexes of the r-cubic 
lattice, which turns out to be the only lattice that matters. Thus the symmetry S r , 
which is related to the r-cube, becomes relevant. 

To simplify discussion it is convenient to interpret Eqs. (l3.6p as a symmetry of the 
system under a simultaneous permutation of r simple electric charges and r simple 
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monopoles. 



4 Duality, permutations and central charges 

The duality for the supersymmetric M = 2 theory introduced in pQ for the SU(2) 
gauge symmetry can be described via a Legendre-type transformation J 7 (A) — > 
•7-d(Ad) = AAd — J 7 (A), in which the product H = AAd plays the role of a generat- 
ing function for this transform. In order to extend the dual conditions to the theory 
with an arbitrary gauge symmetry one can follow a similar approach, considering 
the Legendre-type transform, in which the generating function H is a bilinear form of 
the fields A and Ad- Generally speaking for r > 1 there exists a variety of different 
bilinear forms, and we need to find the right one. 

This task can be resolved using the symmetry conditions (13. 6p which allow only 
two options, one of which, H = Y7i=i AiAu,i, is suitable for our needs. Another one, 
H' = X/i=iEj=i^Ai' should be rejected. The reason for this rebuff becomes 
clear at weak coupling, where one expects the simple electric charges to behave 
independently. In contrast to this expectation the bilinear H' strongly mixes the 
related variables and hence should be rejected. 

Consequently we present the dual transformation for an arbitrary gauge group 
as follows 

r 

J 7 D (A D ) = Y,A t A D , l -J 7 (A) . (4.1) 

i=l 

Differentiating it over Ai and Ad % % and using the fact that J-{Ad) is A- independent, 
while J 7 (A) is A^-independent, we find 

a 9 J 7 . dF D , A , 

A °-' = a* ■ M = "a^- ' < 42 > 

These transparent relations demonstrate again the advantage of expanding A and 
Ad via the fundamental weights in (I2.15p . or presenting these fields via the central 
charges for electric charges and monopoles, see ( 12.181) . The r- matrix of the coupling 
constants in this basis reads 

dA Dti d^(A) 
T ^ A) = ^A- = dAdA~ ■ (4 ' 3) 

The invariance of the superpotential under S r in (I3.6P implies the transformation of 
the t matrix. If A' = VA, see (pO]) . then 

r(A') = Vt(A)V t , (4.4) 
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5 Weak coupling and S r 

It is instructive to apply the formalism discussed above to the region of weak cou- 
pling. Combining Eq.f l4.3p with (12. 7p we find 



r^^-^ln^^^.^^ln^. (5.1) 



Similarly to Eq.f l2.7p the logarithm here is presumed large | lnA 2 /A 2 | ^> 1 and A is 
not close to a wall of the Weyl chamber. Using this fact we replaced the argument 
in the logarithmic function ln(yl 2 /A 2 ) « In ( YJi=\ ^iM 2 )- 

Eq. fl5.ip shows that the r-matrix is diagonal in the basis of the fundamental 
weights. As a corollary we find that in any other basis conventional for the Cartan 
algebra, orthogonal basis, basis of simple roots or simple coroots, the r-matrix is 
definitely non-diagonal. To illustrate this fact consider the Cartan algebra in the 
basis of orthonormal vectors e s , e s ■ e t = S st , s, t = 1, . . . r. Expanding the field A in 
this basis we write 

r 

A = J2 A ^s, (5.2) 

s=l 

where the superscript _L distinguishes the coefficients of this expansion A^ (from 
the expansion coefficients Ai in the basis of fundamental weights in Eq.f l2.15]) ). 
Transforming (15. ip to the orthogonal basis r — > t ± we find 

*™ (5.3) 



dAj-dAt st 2vr A 2 

Here Q _1 is the inverse of the r x r matrix Q, which represents the well known 
quadratic form for the Cartan algebra 

Qij = Ui ■ uj . (5.4) 

To verify Eq. (15.31) one uses Eq. fl2.17l) to show that dAijdA^r = (a^ ■ e s ) and applies 
also the equality 

r 

QSt 1 = E W ■ £ ^ W ■ £ ^ ■ ( 5 - 5 ) 

To validate this last relation one takes two r x r matrices u and a v with matrix 
elements u is = uii ■ e s and a( s = a 4 v • e s , rewrites Eqs. (I2.17p . (15. 4p and (15. 5 p in the 
matrix form, a y uF = 1, Q = uu T , and Q~ l = (ct v ) T a v , and immediately observes 
that the third among them follows from the first two, in other words that (15.51) 
follows from (I2.17P and (15. 4p . Remember now that for any simple gauge group the 
quadratic form Q is non-diagonal, which makes r in Eq.f l5.3p non-diagonal as well. 
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Combining Eq. fj5.lj) with (14. 3 p we derive the following expression for the super- 
potential at weak coupling 

^)-i^ V EA 2 ln%2. (5.6) 

i=l 

Clearly it is explicitly invariant under V G S r from (13. 2\\ . which agrees with our 
expectations (13. 6p . 

Compare Eq. (15. 6p with the well known expression for the superpotential at weak 
coupling, which was extensively used in the literature previously 

ma) « iY,( A -") 2 ^§ - i hVA2ln ^- < 5 - 7 > 

a 

The summation in the middle expression here runs over all roots. To derive the final 
result one takes into account the identity 

J2a®a = 2h v , (5.8) 

a 

and presumes once again that since the logarithm is large and A is not close to a 
wall of the Weyl chamber the logarithmic factor is a smooth function of A, and as 
such can be taken out of summation. 

Note an important distinction separating J 7 (A) from ^(A) in Eqs. (15 .6p and 
(15. 7p respectively. The superpotential F(A) incorporates the factor Y^i=x A 2 , which 
is symmetric under the permutations from S T defined in (13. 6p . In contrast J-o(^4) 
possesses instead a factor A 2 = X^ =1 (^) 2 , which shows no signs of the necessary 
symmetry S r . Hence, in line with the arguments of the present work, it should be 
considered misleading, see also Appendix [S] 

6 Alignment of scalar fields along Weyl vector 

In general there exist no specific reasons that would force the two vectors A and Ad 
to be collinear. There is though an important exception. If one of these two vectors, 
A or Ad, is aligned along the Weyl vector of the Cartan algebra p, then another 
one is necessarily aligned along the same direction, which makes all three of them 
collinear. This property can be represented as the following statement 

A = k p A D = k D p , (6.1) 

where k and ko are numbers. We will see below that Eq. (l6.ip . which will be referred 
to as the Weyl vector alignment, has interesting physical consequences. 
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To verify that the alignment along the Weyl vector (16. ip takes place recall that 
the Weyl vector equals the semi-sum of positive roots, or equivalently the sum of 
the fundamental weights Ui 

a>0 i=l 

Consequently, if A is aligned along the Weyl vector, A = k p where A; is a number, 
then all expansion coefficients of A in the basis of simple weights in Eq.f l2.15j) are 
identical, Ai = k, i — 1, . . . r. From Eq. fl4.2p we see then that Ad,% = diTik, . . . k), 
where di = d/dAp^. Remembering now that ^(A) is symmetrical under the permu- 
tations of its arguments (13. 6p . we conclude that all Ad,% are same, Ad,% = kp where 
ko = d\J-{k, ... A;) is a number. The identity of the expansion coefficients Ad,% in 
Eq. (l2.15p means that the vector Ad is parallel to p defined in (16. 2p . Ad = koP- 
Thus, we verified that the relation A = k p results in Ad = ko P- Similarly we inves- 
tigate the opposite direction finding then that Ad = ko p imposes A = k p, which 
proves (I6.ip . Note that this discussion was based entirely on the single property of 
the superpotential, its symmetry under permutations in Eqs. (13. 6p . 

As was mentioned, the alignment of Ad along the Weyl vector means that all its 
expansion coefficients Ad,% are same, Adj = &d- In turn, according to (12.161) this 
indicates that the central charges of all r simple monopoles are degenerate, have the 
central charge -Z( a Y,o) — ^d- Call this situation a complete degeneracy of central 
charges of monopoles. A central charge and mass for an arbitrary monopole in this 
case reads 

r 

%o) = k D Y, n< f ] . (6-3) 

r 

m m = V2 \k D J2 n< f ] \ ■ ( 6 - 4 ) 

where integers define the magnetic charge g via Eq.f l2.ip . Thus all central 
charges of monopoles are defined via the only complex constant fc^, while the mass 
of any monopole is expressed via its absolute value. In particular, masses of all r 
simple monopoles are degenerate. 

Similarly we find that the alignment of the scalar field along the Weyl vector 
means that the central charges of r simple electric charges are same -Z(o, a y) = Ai = k, 
which signals their complete degeneracy. The central charge and mass of any electric 
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charge in this case read 



r 




k J2 n i 



(6.5) 



8=1 



r 



m (0,q) 



V2 \k J2 n * 9) 



(6.6) 



being defined by the constant k and its absolute value respectively. Eq.f l6.6p means, 
in particular, that masses of all r simple monopoles are degenerate. 

The alignment of A and Ad along the Weyl vector specified in (16 . 1 j) can be re- 
formulated now in terms of degeneracy of central charges. From Eqs. ( 16.1)1 . (16. 3p 
and (16. 5p we conclude that if the central charges of monopoles are completely de- 
generate (central charges of r simple monopoles are equal), then the central charges 
for electric charges are necessarily completely degenerate as well (central charges for 
r simple electric charges are same). Vice versa, the complete degeneracy of central 
charges among electric charges implies complete degeneracy of central charges for 
monopoles. 

This observation looks attractive and blends well within the general idea of 
duality. Under the dual transformation the simple monopoles and simple electric 
charges should switch places, similarly the dual and scalar field switch their places 
as well. It seems desirable that this switch transforms a possible degeneracy, which 
may exist in the spectrum of monopoles, into a similar degeneracy in the spectrum 
of electric charges. It is gratifying therefore that the alignment of A and Ad along 
the Weyl vector ensures that the complete degeneracy is invariant under the duality 
transformation. 

This discussion can be extended to cover the case of dyons with charges Q = 
(g, —mg). Relying on the Weyl vector alignment (16. ip one finds that the central 
charges of r dyons with charges Q = {o^-, —ma^), are all degenerate Zg = k — 
mkD- Consequently the masses of these r dyons are also degenerate, while the 
mass of any dyon with the charge Q = (cxf, —m(x( ), where g is arbitrary, reads 



A very interesting implication of the Weyl vector alignment (16. ip arises in the limit 
Ad — > 0. Take this limit in such a way that Ad remains aligned along the Weyl 
vector, Ad \\ p. Then Eq. (l6.ip ensures that in the process A also remains parallel 
to the Weyl vector. Consequently we find that the node of the dual field Ad = 



2 1 / 2 \{k - mk D )Y,A 



7 Zero dual field, zero monopole masses 
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takes place when the scalar field is aligned along the Weyl vector. In accord with 
Eq. fl2.2p the condition Ad = is equivalent to the statement that all monopoles 
are massless m g = 0, where g is an arbitrary magnetic charge. We conclude that 
the Weyl vector alignment ( 16.1 p implies that monopoles become massless at some 
particular value of A, which is aligned along the Weyl vector. For future references 
let us present this important statement as follows 

A D = A = cAp . (7.1) 

Here A is a cutoff parameter of the theory, which is written on the basis of simple 
dimensional counting, while c is a number. Addressing the issue below with the help 
of the model of [8] we calculate c explicitly in Eqs. (110. 4p . (110. 5p . 

The point where the dual field turns zero plays an exceptionally important role 
in the theory. First of all at this point all monopoles become massless. Secondly, as 
was pointed out in [1J, at this point the M = 2 supersymmetric gauge theory can be 
broken explicitly down to M = 1 supersymmetric gauge theory, and hence it can be 
considered a point of M = 1,2 transition. It is rewarding therefore that an analysis 
based entirely on general properties of the theory, involving no model calculations, 
specifies the related value of the field A in (17. ip in such detail. 

The alignment of A along the Weyl vector established in (17. ip indicates that at 
the point where Ad = the spectrum of electric charges turns completely degener- 
ate, i. e. central charges that correspond to r simple electric charges are all identical 
Zi — c A, i — 1, . . . r; by the same token central charges and masses of all electric 
charges are specified by Eqs. (l6.5p and (16. 6p in which k = cA. 

The discrete chiral invariance allows us to generalize this result for a massless 
set of dyons with charges (?d y on = {g, —rng), where m is fixed and g is an arbitrary 
positive coroot. To this end rewrite (17. ip in the following convenient form 

$mon = k mon A ^ , (7.2) 

where k mon is a constant. Then apply Eq. (l2.11|) to find out that the field, which 
makes massless the set of dyons with charges £?d y on = (g, —mg) (where m is fixed) 
reads 



nrmi 



$dyon = exp ^-^J tonA ("^ 'j , (7.3) 

which in explicit notation gives A = exp(—miri/h v ) k mon A p and Ad = rnA. 
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8 Symmetry S r in model approach 

Recall the main features of the recently suggested model [8], which generalizes the 
Seiberg-Witten approach [TJ |2] to the supersymmetric Af = 2 gauge theory to de- 
scribe a theory with arbitrary gauge group. The coefficients A$ and Ad,% in the 
expansion of the fields in Eqs.f l2.15j) in this model are presented via the Abelian 
integrals 

Ai = — <p dX , A Dji = — <b dX , (8.1) 



2ttz J Ci ' 2m JCd . 

where 

_ P'(z) 

dX = v G—^-dz. (8.2) 

Y(z) 

Here Y(z) is the hyperelliptic curve defined as follows 

Y\z) = P 2 {z) - Q 2 , (8.3) 

r 

P(z) = Hiz-a*) , Q = [o]*-* v A fcV , (8.4) 
i=i 

M=(^5>) 2r ) • (8-5) 

i=i 

The nodes af of the polynomial P(z) at weak coupling describe the classical value 
a of the scalar field 

r 

a = ^ ciiUi , (8.6) 
i=i 

which approximates the proper scalar field A, A w a when A — > 0. The factor A in 
Eq.f l8.4p is the cutoff parameter. 

The differential dX possesses singularities at z = and z = oo from the factor 
\fz, and singularities at the nodes of the curve Y 2 (z). To classify the latter ones 
one writes 

Y 2 {z) = Y + {z) Y_{z) , Y ± (z) = P{z) ± Q . (8.7) 

Each of the two polynomials Y±(z) has r nodes, call them z± t i, % — 1, . . . r 

r 

y±(z) = J](z-z ±ii ). (8.8) 

i=X 

All the nodes 2± j are presumed to be enumerated in such a way as to make it certain 
that the pairs of the nodes z$ + and coincide in the weak coupling limit A — >■ 0. 

The analytic structure of the differential in Eq. (18. 2p prompts r cuts on the com- 
plex plane z, each cut connecting one pair of the nodes z ii+ and Z{-. One more cut, 
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which runs from to oo, is due to the function sfz. By gluing appropriately the 
opposite sides of the cuts one constructs the Riemann surface for the differential, 
whose structure is illustrated by Fig. [TJ For simplicity only one pair of the nodes 
Zi t ± is shown there. This Riemann surface has the hyperelliptic structure and its 




Figure 1: The Riemann surface for the differential dX in Eq. (l8.2p . There are r cuts 
between the nodes Zi 7 ± of the curve Y(z), one of them is shown here; a cut between 
z = and oo is due to the factor y/z in d\; solid and dashed lines show parts of Cj 
and Cn,i located on the first and second sheets of the Riemann surface, respectively. 

genus g equals the rank of the gauge group, g = r. 

On this Riemann surface one defines two sets of homological cycles Cf and Co,i, 
i = 1, . . . r, whose interception form, call it ( C | C ), is canonical, see Fig. [I] 

(Cj| Cj) = (Cn,i\Ci)j) = , (Ci\C D j) = —(C D j\Ci) = 8^ . (8.9) 

The integrals over these cycles in Eqs.( l8.1| ) give the periods of the differential dX, 
which are identified with the fields in (18.11 

It was verified in [S] that the model reproduces the chiral invariance and Weyl 
symmetry, satisfies the duality condition, and provides sensible asymptotic condi- 
tions at weak and strong coupling. Importantly it also reproduces a condition, 
whose necessity was discussed in Ref. [7]. It was argued there that each dyon with 
electric and magnetic charges from the set {Q = (a 1 v ,-ma 1 v ), i — l,...r, m = 
0, 1 . . . h y — 1}, where ol( are simple coroots, can be made massless. Overall there 
are rh v dyons in this set, and for each of them there should exist the scalar field, 
which reduces the mass of this particular dyon to zero. The compliance with this 
condition distinguishes this model from a number of the previously suggested mod- 
els, see discussion in [7]. 

The present work emphasizes that it is vitally important that the theory complies 
with S r symmetry of permutations of the sets Ai and Ap^, see (I3.2p . (13. 3p . It is 
satisfying therefore that the model fully complies with this new condition. To see 
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this point observe that Eqs.f l8.1[) - fl8.5[) remain invariant under a permutation V G S r , 
which simultaneously transforms A — > A' and Ad — > A' D in accord with ( 13. 2 p and 
( 13. 3 p and in addition permutes parameters in (I8.ip - (l8.5p a» — > a-, where 



From a technical point of view the compliance of the model with the S r symmetry 
arises due to the following three reasons. First, its variables are chosen as A{ and 
Ap^, which represent the central charges (12.181) . Second, all parameters in Eqs. 
( 18. ip - (18. 5p can be expressed via symmetric polynomials of af. Third, the structure 
of the differential dX does not depend on the Cartan matrix, i. e. incorporates no 
details related to the geometrical structure of the lattice Q v . 

Consider now Eqs. ( 14. 2p . which allow one to recover the superpotentials J 7 {A) 
and J^oiAo) from the fields A and Ad- Since we established that the structure of 
the model is invariant under S r we recover from ( I4.2p that the superpotentials F{A) 
and J^oiAo) produced by the model, are presented by functions symmetric under 
permutations of there arguments. This agrees with the prediction of Eq.( l3.6p . Thus 
the model fully reproduces the necessary general property of the theory. Namely, it 
is invariant under S r and it is ensured that this symmetry is implemented in such 
a way that the superpotentials J 1 {A) and J-£>(Ad) are symmetric functions of their 
arguments A4 and A D i . 

Let us reiterate the important point. The model of [8] simultaneously complies 
with two conditions. One of them [7] insists that the model should guarantee that 
each dyon chosen from the specific set of r/i v dyons could become massless. Another, 
advocated in the present work, suggests that the model should implement the S r 
symmetry. Thus the seemingly different perspectives on the problem developed in 
these works agree, which is gratifying. 

9 Fields aligned along Weyl vector 

As mentioned in the previous Section the model considered is invariant under per- 
mutations from S r . Consequently, the model should reproduce the Weyl vector 
alignment ( 16. ip . Let us verify this fact and derive from the model the values for the 
coefficients k and ko in (16. ip . 

Consider the scalar field aligned with the Weyl vector. Such alignment implies 
that the coefficients Ai in ( I2.15P are all i- independent. Figure [1] shows that in order 
to satisfy the later condition the roots of the polynomials Y + (z) and Y_(z), which 



r 




(8.10) 
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are called z it + and Zi t - in (18. 7p . need to be ^-independent as well 

z i> + = z + , Zi t _ = z_ , (9.1) 

where z± are two i-independent parameters. From Fig. [TJ we observe that this 
condition ensures also that an additional phenomenon takes place, the coefficients 
A D)i become also i-independent. This indicates that the dual field proves to be also 
aligned along the Weyl vector. Thus the alignment of the scalar field along the Weyl 
vector compels the dual field to be aligned along this vector as well, in accord with 
QE3). 

Our next goal is to find parameters, which make Eqs.f l9.lp valid. Consider the 
conventional symmetric polynomials k = 1, ... r, of the variables a 2 , which appear 
in flS3J, 

r 

A = £ *? • (9-2) 

3=1 

The coefficients of the polynomial P(z) in front of the term oc z p , 1 < p < r — 1, 
can be expressed as homogeneous functions of 4 with k < p. For example, the 
coefficient in front of z r ~ 1 equals obviously — (a 2 + • • ■ + a 2 ) = Similarly, the 
coefficient in front of z r ~ 2 equals a\a\ + • • ■ + a^-i a r = (^i — ^2)/2, etc. In order to 
satisfy Eq.f l9.ip we eliminate firstly the coefficients of the polynomial P(z) in front of 
the terms z p with 1 < p < r — 1. For this purpose it is sufficient to satisfy conditions 

4 = 0, 1 < k < r - 1 , (9.3) 

which can always be done by an appropriate choice of aj. Namely, take aj as follows 

a,j = Xj X , (9.4) 

where A is a constant, and Xj are defined by the phase factors 

Xj = exp (i nnij fr) , (9.5) 

in which a set (mi,m2,...m r ) is an arbitrary permutation of the sequence 
(0, 1, . . . r — 1), the set with rrij = j — 1 gives an example. It is easy to verify 
that thus introduced phase factors satisfy identities 

r 

]T(x,) 2fc = r5 k , r , (9.6) 
j=i 

and therefore aj from Eq.f l9.4p satisfy conditions f )9.3p . Consequently, for these 
values of cij the polynomial P(z) is reduced to 

r 

P(z) = z r + (-iy Y[ aj = z r - X 2r . (9.7) 

3=1 
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It is taken into account here that Eqs. fl9.4p . (19. 5p imply that YYj=i a j = 

A 2r ex P ((2vrVr)E;:;j) = (-ir^. 

Equation (19. 7p allows one to simplify the polynomials Y±(z) from Eq. (l8.7p 

Y±(z) = z r - A 2r ± [a} 2r - hV A hV = z r - A 2r ( 1 t (A/A) hV ) . (9.8) 
Here we resolved Eqs. (l8.5p . (l9.4p . (l9.5p by taking 

[a] = A . (9.9) 
Substituting (19. 8p into (18. ip one finds that 



-4; 



r 

71 



v 2r-l 



1/2 



. (A 2 -(l + (A/X) hV ) - z r ) (z r - A 2r (l - (A/A) ftV )) . 
Here the integration limits satisfy 

(z i>± Y = A 2r ( 1 =f (A/A)^ ) . 
Resolving these conditions as follows 

,, ± = A 2 (l T (A/An 1/r , 



dz . (9.10) 



(9.11) 



(9.12) 



we fulfil the goal set in (19. ip . the found Zi ± are i- independent. To simplify notation 
it is convenient to introduce a constant v and parameter u 



v = 1/(2 r) , 
u = (A/Af V , 

and change the integration variable in Eq. (19.101) from z to x as follows 

z = A 2 (1 -x/u)' 
After that Eq. fl9~T0]) is reduced to 
A = KJu) A , 



, 2v 



KJu) 



1 

71 



X 

1 - - 



dx 



U) y/T 



x- 



1 + - I Flr.-f,!, 



1 + u 



(9.13) 
(9.14) 

(9.15) 

(9.16) 
(9.17) 



Here F(a, b, c, z) is the hypergeometric function. Similar calculations allow one to 
find the dual field 



K D Ju) 



K D , v {u) A 
i 

71 

i 



I x\ u dx 



V2 



77 



UJ y/x 2 - 1 

B(l + u, l/2)u- u (u-l) 1/2+u F 



(9.18) 
(9.19) 



113 l-u 

-, -, h 

2 2 2 2 
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Here B(x,y) is the Euler beta-function. An alternative representation for K v (u) 
and K D)U {u) is discussed in Appendix iBl 

Substituting A iy A^,i from Eqs. fl9.16p . fl9.18p to Eqs. (12.151) we can conveniently 
present the found fields A and A D as follows 

A = K v {u)\p , (9.20) 
A D = K D)V (u)\p, (9.21) 

where, remember, u is a function of A defined in f )9.14p . Consequently the found A 
and Ad are functions of this parameter as well. 

Equations (I9.20p . (I9.2ip state that A and Ad are aligned along the Weyl vector 
p, i. e. reproduce the Weyl vector alignment predicted in (16. ip . An advantage of 
the present consideration is that it provides explicit expressions for the coefficients 
k = K u (u)\/A and k D = K D u {u)\/ 'A, which specify the aligned fields A and A D 
completely. 

It is easy to verify that Eqs.f l9.20~jUI9.2ip comply with the Seiberg-Witten solution 
for the gauge theory with the simplest SU(2) gauge group p.j. Taking for this group 
the values r = 1, h y = 2, p = l/y/2, one finds using Eqs. ( 19. 171) and ( 19 . 191) 

which reproduce the Seiberg-Witten solution. 

Returning to the case of an arbitrary gauge group let us verify the weak coupling 
limit. From Eqs. fl9.16p - ( 19 . 1 9[) one obtains for |A| 3> A 

A « \p , (9.23) 

Ad * h h " x p( ln ^ + w ( < hi2 -^ 1+u) - c ^ ■ (9 - 24) 

Here C ~ 0.577 is the Euler constant and ip(x) = T'(x)/T(x) is the digamma 
function. We see that Eqs.f l9.23lUI9.24p comply with the asymptotic behavior of the 
fields A and A D at weak coupling (12. 7p . As an illustration take the SU(2) gauge 
group where Eq. fl9.24p yields A D ps i(A/ir) (\n (A 2 /A 2 ) + 4 In 2 — 2 ), which agrees 
with the asymptotic relation that follows from Eqs. fl9.22p for \u\ ^> 1. 

Deriving Eq. fl9.24p it is convenient to rely on the known identity F(a, b, c, w) = 
(1 — w)~ a F(a,c — b,c,w/(w — 1)) expressing the hypergeometric function from 
Eq. fl9.19p via the hypergeometric function of the argument z = (u—l)/(u+l), and 
then apply to the later function the asymptotic relation 

F(a, b,a + b,z) w - — ( ln(l - z) + ip(a) + tp(b) + 2C ) , (9.25) 
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which is valid when z « 1, as it follows from Eq.(15.3.10) of Ref. [15]. Asymptotic 
properties of Eqs.OHUS]), (j9. 18j) in the opposite limit of strong coupling are discussed 
in Appendix O 

One more useful verification of Eqs. fl9.20p . (I9.2ip . which is valid at arbitrary cou- 
pling, stems from the discrete chiral transformations. Let us make in the integrals 
in Eqs. (I9.17P and (19.191) . which define the coefficients K D {u) and Kd,u(u), the 
transformation A — > exp(2z7)A, where the phase 7 runs continuously from 7 = to 
7 = 7r/(2/i v ). Our aim is to emulate the chiral transformation described by Eqs. 
(I2.5p . fl2.6p for m = 1. The transformation of A implies the corresponding variation 
for it, u — y exp( 2 i~fh v ) u, which changes this parameter from its initial value u 
to — u. From (I9.17P and (I9.19P one observes that under this transformation K u (u) 
does not change, K u (—u) = K u (u), while K D u {u) exhibits the following variation 
Kd,v(—u) = Ko,u{u) — K u {u). Combining the later fact with the corresponding 
variation of A, A — y exp(7ri//i v )A, we find that the the chiral transformation of fields 
A and Ad in Eqs. (I9.20p and (I9.2ip comply with Eq. fl2.8p . as necessary. The possible 
issues related to the absence of the Weyl vector alignment in some previously sug- 
gested models implementing the Seiberg-Witten approach are discussed in Appendix 

El 

Summarizing, Eqs. fl9.20p . fl9.2ip give explicit description of the fields A and Ad 
when they are aligned along the Weyl vector. 

10 Massless monopoles and dyons 

Consider the state of the supersymmetric M = 2 gauge theory, in which the dual 
field turns zero and correspondingly all monopoles become massless 

A D = m moQ = . (10.1) 

Equations (19.191) and (I9.2ip show that this condition takes place provided 

u = 1 . (10.2) 
Correspondingly, resolving Eqs. (I9.14p . (I10.2p for the parameter A we find 

A = A . (10.3) 

There is no need to consider here a more general solution, which includes a phase 
factor A = exp(27mi//i v )A, n e Z, since the cutoff parameter A originally appears 
in the theory as the power A h , see (18 .4p . and hence can always be redefined with 
the help of the same phase factor, A — y A' = exp(27mi//i v )A. 
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From Eqs. ffT03|) and flCTj) . ([97TTf) we find the scalar field A, which makes (flOlj) 
valid 



A = k u Ap . (10.4) 

K = K v (l) = — / x"- 1 ' 2 -^ = —5(1/2 + !/, 1/2) . (10.5) 
t Jo v l — x 7r 

Equation (110. 4p states that when the dual field is absent, A D = 0, the scalar field 

is necessarily aligned along the Weyl vector. This is in line with the general, model 

independent statement made in (17. ip . Eq. fll0.5j ) goes further specifying a precise 

value of the numerical coefficient c = k v in this equation. The asymptotic behavior 

of the fields aligned with the Weyl vector in the vicinity of the critical point u = 1 

is discussed in Appendix O 

Similarly one considers a situation when all the dyons with charges {?d y on = 

(g, —nig), where m G Z is fixed and g is an arbitrary positive vector in the lattice 

of coroots, are massless. Remembering discussion related to Eqs. (l7.2p - (17.31) one 

concludes that this situation is covered by Eqs. (17.31) in which 

k m on = k v . (10.6) 



11 Summary and discussion 

The Dirac-Schwinger-Zwanziger quantization ensures that the electric and magnetic 
charges available in the theory are pinned to the vertexes of the lattice Q v , see 
(12. ip . located in the Cartan algebra of the gauge group. It is demonstrated that 
the presence of this lattice makes the theory invariant under the discrete group of 
permutations S r , where r is the rank of the gauge group. To interpret this symmetry 
condition in simple physical terms one can say that the theory is invariant under 
a simultaneous permutation of r simple electric charges and r simple monopoles (r 
simple electric charges and r simple monopoles have the electric or magnetic charges, 
which equal r simple coroots of the Cartan algebra). 

The symmetry of the theory under S r makes the superpotential J- (A) a symmet- 
ric function of r central charges, which correspond to the simple electric charges, 
see (I3.6p . As a result the r-matrix of coupling constants is transformed under S r in 
a simple, appealing way (14. 4p . These properties manifest themselves transparently 
when the scalar field A and its dual Ap are written in the basis of fundamental 
weights of the Cartan algebra (I2.15p . In this approach the two sets of their expan- 
sion coefficients A, and A^ i equal the central charges for simple electric charges 
and simple monopoles respectively (I2.18p . These two sets of central charges obey 
Eqs. (14.21) . which relate them to the superpotential. 
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An interesting implication of the symmetry under S r is the Weyl vector alignment 
(16. ip . When expressed in simple geometrical terms this condition states that if one 
of the two vectors, either A or Ad is chosen to be collinear to the Weyl vector p 
of the Cartan algebra, then the other vector is necessarily aligned along the same 
vector as well, which makes all three of them collinear A \\ p \\ Ad- In physical 
terms this condition means that if the system is driven into a state, in which central 
charges for r simple electric charges are equal, then central charges of r simple 
monopoles necessarily turn equal as well, and vise versa, equality between central 
charges of simple monopoles makes central charges of simple electric charges equal. 
The identity between central charges implies degeneracy of masses. Thus, when the 
Weyl vector alignment A || p \\ Ad takes place, then the masses of r simple electric 
charges are degenerate, and at the same time the masses of r simple monopoles are 
degenerate as well. These properties fit very well within the general physical picture 
associated with the idea of duality and can be considered a good test for the theory. 

A simple and very important corollary arises for the state where all monopoles 
are massless. In this case the Weyl vector alignment ensures that the scalar field 
is necessarily aligned along the Weyl vector and therefore its value is completely 
specified by (17. ip . In physical terms this means that if all monopoles are massless, 
then the central charges of all simple electric charges are equal. Consequently the 
masses of simple electric charges are equal as well. It is interesting that the electric 
charges exhibit such a special behavior at this important point. 

It is shown in Section [D] that the model suggested previously for SU(n) gauge 
groups (and probably a number of other models developed for other gauge groups 
prior to [8j) does not comply with the Weyl vector alignment and therefore is cer- 
tainly different from the model of [8]. This work suggests a general, model inde- 
pendent and calculation independent way by which this issue can be addressed and 
resolved. It is argued that since there exists a discrete symmetry in the theory the 
discrepancy between different approaches can be traced down to different discrete 
symmetry groups, or different representations of these groups, on which each the- 
oretical framework is developed. It is vital that the symmetry group keeps the set 
of central charges 3 invariant. The present work shows that this condition makes 
the superpotential invariant under S r . It would be interesting to study the discrete 
groups and their representations in the previously developed models. 

The results of the present work are compared with the model of [8], which ex- 
tended the Seiberg-Witten approach to the supersymmetric M = 2 theory for an 
arbitrary gauge group. It is shown that this model complies with S r symmetry. 
The model is used to find explicitly the behavior of the scalar and dual fields when 
they both are aligned along the Weyl vector, see ( I9.16P - ( I9.2ip . In particular, the 
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point where all monopoles are massless is identified in (j!0.4p . The structure of the 
model was initially inspired by [TJ, which argued that for any dyon with charges 
Q = (aY , -ma.) there should exist a state of the system, in which this dyon is 
massless. Thus, different starting points employed in the present paper and in [7J |S] 
lead to the mutually consistent outcome. 

The found symmetry under permutations within the specified set of dyons greatly 
simplifies the low-energy description of the supersymmetric M = 2 gauge theory and 
helps to see its structure more clearly. 

The financial support of the Australian Research Council is acknowledged. 



A Comment on weak coupling 

Continuing discussion in Section note that one can recover the important Eq. (12.71) 
from the superpotential using two quite different techniques. Following the approach 
of the present work one takes the superpotential J 7 (A) from (15.61) . differentiates 
it over the variable Ai, and using (14. 2[) reproduces (12.71) . In a more traditional 
formalism one would take Tq{A) from (15.71) . differentiate it over Aj presuming that 
the result reproduces the dual variable in the orthogonal basis, A^ s = dJ r (A)/dAjr. 
This chain of transformations goes against the main argument of the present work. 
However, if one allows oneself to accept these transformations, then the correct 
Eq. (12.71) is reproduced. Trouble is that the success in derivation of (12.71) from J-'o(A) 
is accidental. For example, cultivating this disputed in the present work line of 
arguments one would be led to believe that the matrix of coupling constants is 
diagonal in the orthogonal basis r 0)S i = dAj^ JdAj- « 5 st {ih y /2n) In(v4 2 /A 2 ). This 
outcome contradicts Eq. (15.31) and hence in accord with the arguments of the present 
paper is misleading. 



B Alternative form for hypergeometric functions 

Quadratic transformation formulas for the hypergeometric functions, see Section 
15.3 of [T5], give another option for presenting integrals in Eqs. (l9.17p . (19.191) 

K(u) = f(1-^~,1,\) , (B.l) 



2 2' 2' v? , 

1/2+1/ 



iB(l+v, 1/2) / 1 y /z+v (\ v v 3 1 
2^; V-u>) F 2 + 2' 1+ 2'2 + ^-^ 



Being well defined at u > 1 they require accurate handling outside this region. 
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C Asymptotic properties at strong coupling 



Consider the limit A — > A, in which the monopoles become massless and the strong 
coupling approximation is valid. It is convenient in this case to distinguish the 
theory based on the SU(2) gauge group from theories with more complex gauge 
groups. The SU(2) group has rank r = 1, and correspondingly there is only one 
monopole in the theory. Any other gauge group has a larger rank r > 1, and hence 
there are several monopoles there. When the scalar field A is tuned is such a way 
that only one monopole is light, then A possesses the well known strong-coupling 
logarithmic singularity. To illustrate this fact remember what this singularity looks 
like for the theory based on the SU(2) gauge group [1] when Eqs. (I9.22p give 

A « (--i(«-l)ln(«-l))A, A D « j(n-l)A, (C.l) 

V 7T 47T / 4 

where u = A 2 /A 2 = 2a 2 /A 2 w 1. Similarly, the logarithmic singularity manifests 
itself for the theory based on any other gauge group. However, such singularity is 
present provided only one monopole is massless. When several monopoles become 
massless simultaneously, which is possible in the theories based on gauge groups 
with r > 1, the situation is different. In that case several logarithmic singularities 
related to different monopoles can collide changing the nature of the singularity. 
Eqs.f l9.20|) .f l9.2ip illustrate the later statement for the particular situation, when all 
the fields are scaled along the p direction in the Cartan subalgebra. Assume that 
r > 1 and consider the region u ~ 1. Expressing the hypergeometric function of 
the argument z via two hypergeometric functions with the argument 1 — z one finds 
that in this case 

A « (k u + K(u-l) 1/2+v )\p , (C.2) 
A D w i k' v cotvrz/ (it- l) 1/2+u Xp , (C.3) 

where the constant k v is defined in Eq. fll0.5p . while k' v is a new constant 

K = ^ B(-l/2 - v, 1/2) . (C.4) 



Deriving (1C.3P an identity B{1 + u, 1/2) = cotnu B(— 1/2 — u, 1/2) was employed. 



D Comparison with other models 

Let us compare the results of Section [6] with the previously known low-energy so- 
lutions of the M = 2 supersymmetric gauge theory. Take first the solution for the 
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unitary SU(r+l) gauge theory suggested in [31 H]. The scalar field in this solution 
has the following form 



r+l 



A su (r+ i) = Y^Ate k . (D.l) 

k=l 

Here r+l vectors Ek constitute the orthonormal basis in the (r+l)-dimensional space, 
6k ■ ei = Ski, while the coefficients A^ satisfy condition Y^kLx ^k = ^' which leaves 
only r of them independent. (To avoid confusion note that the basis in Eq. llD.ip is 



built from r + l vectors e k in r + 1 dimensional space while previously in (I5.2p the 
orthogonal basis included r vectors e s in r-dimensional space.) 

It was stated in [IB] (see Eq.(2.11) of [IB], which is written in terms of = 
Y^l=i that at the point where the dual field vanishes, Ad = 0, the expansion 
coefficients of the scalar field in (ID.ip satisfy 

x 2 v / 2A(r + l)/ nk Tr(k - 1) \ 7r(Jfe-l/2) 



A h = ( sin sin ) oc cos . (D.2) 

k 7T V r + 1 r + l J r + l v/ 

Remember that the Weyl vector for the SU(r + 1) group equals 

2p = r£i + (r - 2)e 2 + . . . - (r - 2)e r - re r+l . (D.3) 

Observe that for r > 3 the scalar field defined in Eq. (1D.2j) is not collinear with the 
Weyl vector (ID. 31) because, for example, A^/A^ ^ (r — 2)/r. Thus the scalar field 
does not comply with the corollary to the Weyl vector alignment Eq. fl7.ll) . Hence 
it contradicts the Weyl vector alignment ( 16.11) itself. Preliminary examination of 
other suggested previously solutions for SO(n) and Sp(2r) gauge theories gives a 
similar outcome, they seem to not comply with the Weyl vector alignment, which 
presents an important issue. Another, though related issue stems from the fact 
that it is generally believed that the available instanton calculations comply with 
the mentioned model for the SU(n) gauge group (and also reproduce the results of 
other previously known models). As a result these calculations should contradict 
the Weyl vector alignment as well. 

This work suggests a model independent and calculation independent way by 
which this issue can be addressed. It is argued that there exists a discrete symmetry 
group S r in the theory, which keeps the superpotential invariant, see (13. 6p . As a 
result it also keeps invariant the set of central charges 3- From a different perspec- 
tive, the discrete symmetry is usually introduced into the theoretical description at 
the moment when some particular model is formulated. For each model it is possi- 
ble therefore to specify the discrete symmetry group, compare it with S r , and also 
verify if it is represented properly, i. e. keeps invariant the set of central charges 
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3- The fact that the Weyl vector alignment is violated may probably be considered 
an indication that either the discrete group is not S r , or an issue exists with the 
way S r is represented in the given model. (Similarly, it would be interesting to 
realize which discrete symmetries and which representations are incorporated in the 
corresponding instanton calculations.) 
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